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Abstract. The Macaulayfication of a Noetherian scheme X is 
a birational proper morphism Y — > X such that Y is a Cohen- 
Macaulay scheme. Of course, a desingularization is a Macaulay- 
fication and Hironaka gave a desingularization of arbitrary alge- 
braic variety over a field of characteristic 0. In 1978 Faltings 
gave a Macaulayfication of a quasi-projective scheme whose non- 
Cohen-Macaulay locus is of dimension or 1 by a characteristic-free 
method. 

In the present article, we shall construct a Macaulayfication 
of a quasi-projective scheme if the dimension of its non-Cohen- 
Macaulay locus is at most 2. Of course, our method is independent 
of the characteristic of a scheme. 

1. Introduction 

Let X be a Noetherian scheme. A birational proper morphism Y — ► 
X of schemes is said to be a Macaulayfication of X if Y is a Cohen- 
Macaulay scheme. This notion was introduced by Faltings || and he 
established that there exists a Macaulayfication of a quasi-projective 
scheme over a Noetherian ring possessing a dualizing complex if its 
non-Cohen-Macaulay locus is of dimension or 1. Of course, a desin- 
gularization is a Macaulayfication and Hironaka gave a desingulariza- 
tion of arbitrary algebraic variety over a field of characteristic 0. But 
Faltings' method to construct a Macaulayfication is independent of the 
characteristic of a scheme. Furthermore, several authors are interested 
in a Macaulayfication. 

For example, Goto and Schenzel independently showed the converse 
of Faltings' result in a sense. Let A be a Noetherian local ring pos- 
sessing a dualizing complex, hence its non-Cohen-Macaulay locus is 
closed, and assume that dimA/p = dim A for any associated prime 
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ideal p of A. Then the non-Cohen-Macaulay locus of A consists of only 
the maximal ideal if and only if A is a generalized Cohen- Macaulay ring 



but not a Cohen- Macaulay ring [16]. When this is the case, Faltings 



Satz 2] showed that there exists a parameter ideal q of A such that 
the blowing-up ProjAfqt] of SpecA with center q is Cohen-Macaulay, 
where t denotes an indeterminate. Conversely, Goto M proved that 
if there is a parameter ideal q of A such that Proj A [qt] is Cohen- 
Macaulay, then A is a generalized Cohen-Macaulay ring. Moreover, 
he showed that A is Buchsbaum if and only if ProjAfqt] is Cohen- 
Macaulay for every parameter ideal q of A: see also PD| . 

Brodmann || also studied the blowing-up of a generalized Cohen- 
Macaulay ring with center a parameter ideal. Furthermore, he con- 
structed Macaulay ficat ions in a quite different way from Faltings. Let 
A be a Noetherian local ring possessing a dualizing complex. We let 
d = dim A and s be the dimension of its non-Cohen-Macaulay lo- 
cus. If s — 0, then Brodmann 0, Proposition 2.13] gave an ideal b of 
height d — 1 such that ProjAfbt] is Cohen-Macaulay. If s — 1, then 
Faltings' Macaulay ficat ion || Satz 3] of Spec A consists of two con- 
secutive blowing-ups Y — > X — » Spec A where the center of the first 
blowing-up is an ideal of height d—1. In this case, Brodmann gave two 
other Macaulayfications of Spec A: the first one is the composite of 
a blowing-up X —>■ Spec A with center an ideal of height d—1 and a 
finite morphism Y — > X; the second one j|, Corollary 3.11] consists of 
two consecutive blowing-ups Y — > X — > Spec A where the center of the 
first blowing-up is an ideal of height d — 2. 

In this article, we are interested in a Macaulayfication of the Noe- 
therian scheme whose non-Cohen-Macaulay locus is of dimension 2. 
Let A be a Noetherian ring possessing a dualizing complex and X 
a quasi-projective scheme over A. Then X has a dualizing complex 
with codimension function v. Furthermore the non-Cohen-Macaulay 
locus V of X is closed. We define a function u: X — > Z to be u(p) = 
v(p) + dim{p}. We will establish the following theorem: 

Theorem 1.1. If dim V < 2 and u is locally constant on V , then X 
has a Macaulayfication. 

If dimK < 1, then u is always locally constant on V. Therefore, 
this theorem contains Faltings' result. Furthermore, we note if X is 
a projective scheme over a Gorenstein local ring, then u is constant 
on X. 

We agree that A denotes a Noetherian local ring with maximal 
ideal m except for Section || Assume that d = dim A > 0. We re- 



fer the reader to |0, [L2|, [15], ETJ for unexplained terminology. 
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2. Preliminaries 

In this section, we state some definitions and properties of a local 
cohomology and an ideal transform. Let b be an ideal of A. 

Definition 2.1. The local cohomology functor H P (—) and the ideal 
transform functor D b (—) with respect to b are defined to be 

H p h {-) = limExt^(A/b m , -) and D p b (-) = limExt^(b m , -), 

m m 

respectively. 

For an A-module M, there exists an exact sequence 

— >if£(M) —>M ^D° b (M) ^Hl(M) ->0 (2.1.1) 
and isomorphisms 

D p b (M) H P+1 (M) for aU p > 0. 
They induces that 

H p D° b {M) = r\ P = °» 1 ; (2.1.2) 

b bK ' \H P {M), otherwise. 1 ; 

If b contains an M-regular element a, then we can regard D b (M) as 
a submodule of the localization M a with respect to a and i is the 
inclusion. 

It is well-known that H b (—) is naturally isomorphic to the direct 
limit of Koszul cohomology. In particular, let b = (ft, . . . , fh) and M 
be an A-module. Then 

^(¥)=limM/(/r,...,/;)M and H° b (M) = f| 0^</,), 

m i=l 

where denotes Um=i : fT- Furthermore, let A — ► £? be a ring 
homomorphism. Then there exists a natural isomorphism H b (M) = 
H bB (M) for a 5-module M. 

The following lemma is frequently used in this article. 

Lemma 2.2 (Brodmann [§). Let b = (/i, . . . , jfo) and c = . . . , 
fre tifo ideals. Then there exists a natural long exact sequence 

■■■^[H p -\-)\f h -#£R -fl?H -[#?(-)]* — •• ■ 
Next we state on the annihilator of local cohomology modules. 

Definition 2.3. For any finitely generated A-module M, we define an 
ideal Oa(M) to be 

dimAf-1 

a A (M)= [] ann^(M). 

p=0 
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We note that a finitely generated A-module M is Cohen-Macaulay 
if and only if cu(M) = A, and that M is generalized Cohen-Macaulay 
if and only if o.a{M) is an m-primary ideal. The notion of cla(— ) plays 



a key role in this article. In fact, Schenzel |L7] showed that V(cia(A)) 
coincides with the non-Cohen-Macaulay locus of A if it possesses a 
dualizing complex and is equidimensional. He also gave the following 
lemma [0, [T|]: 

Lemma 2.4. Let M be a finitely generated A-module andx\, . . . , x n a 
system of parameters for M . Then (xi, . . . , Xj_i)M :Xi C (x±, . . . , Xj_i)M : 
for any 1 < i < n. In particular, if Xi G Cu(M), t/ien i/ie equality holds. 

Let .R = n>o -Rn be a Noetherian graded ring where Rq = A. A 
graded module M = n M n is said to be finitely graded if M n = for 
all but finitely many n. The following lemma is an easy consequence 
of0. 

Lemma 2.5. Let b be a homogeneous ideal of R containing R + = 
n>o R n and M a finitely generated graded R-module. We assume 
that A possesses a dualizing complex. Let p be the largest integer such 
that, for all q < p, Hl{M) is finitely graded. Then depth M( p ) > p for 
any closed point p of Proj R, that is, p is a homogeneous prime ideal 
such that dimi?/p = 1 and R + <2 P- 

3. A Rees algebra obtained by an ideal transform 

Definition 3.1. A sequence /i, . . . , fh of elements of A is said to be a 
d-sequence on an A-module Mif (fx, . . . , fi-i)M : fifj = (/!,..., /i_i)M : ft 
for any 1 < i < j < h. 

We shall say that / l5 . . . , f h is an unconditioned strong d-sequence 
(for short, u.s. d-sequence) on M if /f 1 , . . . , f^ h is a d-sequence on M 
in any order and for arbitrary positive integers n±, ... , n^. 

The notion of u.s.d-sequences was introduced by Goto and Yam- 
agishi JjlJ to refine arguments on Buchsbaum rings and generalized 
Cohen-Macaulay rings. Their theory contains Brodmann's study on the 
Rees algebra with respect to an ideal generated by a pS-sequences 0. 
But Brodmann also studied the ideal transform of such a Rees alge- 
bra. The purpose of this section is to study an ideal transform of the 
Rees algebra with respect to an ideal generated by a u.s. d-sequence. 

Let /o, ... , /d be a sequence of elements of A where h > 1 and 
q = • • • , fh)- 

Lemma 3.2. If ft, ... , ft be a d-sequence on A/f A, then 
[(ft,...J k )q n ]:fo = (ft,...,h)[q n :M+0:fo 
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for any 1 < k < h and n > 0. 

Proof. It is obvious that the left hand side contains the right one. We 
shall prove the inverse inclusion by induction on k. Let a be an element 
of the left hand side. 

When k = 1, we put f$a = f\b where b G q n . By using [10, Theorem 
1.3], we obtain b G (fo) '■ fi H q n C (/ ). If we put b = f a', then 
a! G q n : / and / (a - f x o!) = 0. Thus we get a G /i[q n :/ ] + : / . 

When k > 1, we put /o a = & + A c where 6 G (/i, . . . , A-i)fl n and 
c G q n . Then we obtain 

CG (/ 0) ..,/n):/ fc n(l n 

C(/ ) + fk-iW- 1 



by using [10, Theorem 1.3] again. If we put c = f^a' + b' where 

b' e {f u ■ ■ ■ Jk-i)* n -\ 
then a' G q" : fo. Thus we get 

a-/ fe a' G [(/i,...,A-i)q n ]:/o 

= (/i ) ...,/*-i)[q B :/o] + 0:/o 
by induction hypothesis. The proof is completed. □ 

Let q = q :(/o). If /o is A-regular and fx, . . . , A is a d-sequence 
on A/ f^A for all I > 0, then Lemma [372] assures us that 

q"-!q = cf = q n :(/ ) for all n > 0. (3.2.1) 

Therefore the Rees algebra R = A[qi] is finitely generated over i? = 
A[qi]. The following is an analogue of P, Lemma 3.4]. 

Theorem 3.3. Let B = A[q/ fh] = R(f h t)- If fo is A-regular and 
fi, . . . , f h is a d-sequence on A/ f l A for all I > 0, then f h , fi/f h , ■ ■ ■ , 
fh-il ' fh, fo is a regular sequence on B. 

Proof. First we note that f±, . . . , fh is a d-sequence on A. In fact, by 
using Krull's intersection theorem, we obtain 

oo 

(/l) • • • > fi-l) '■ fifj = fi (/o> /l) • • • ' /»-0 1 fifj 
1=1 

oo 

= D(/o' /l) • • • ) fi-l) : fj 
1=1 

— (A; • • • ) fi-l) '■ fj 

for any 1 < % < j < h. Next we show that 

(A...., A-i) = A n q n = (A, • • • , fk-i)T~\ (3.3.1) 
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for any 1 < k < h + 1 and n > 1, where fh+\ = 1. If a is an element 
of the left hand side, then f l Q a G q n for a sufficiently large I. By |10| , 
Theorem 1.3], we have 

f a G (A,...,/ fc _i):/ fe nq n 

= (A, • • .,/k-i)q n-1 . 

Lemma |3.2| says 

a 6 [(A, - - - , A-Oq"- 1 ] :(/o) = (A, ■ ■ ■ , / fc -i)<P _1 - 

The inverse inclusion is clear. By (|3.3.1| ) and [|1(], Theorem 1.7], we 
obtain that 

, fi_ fh-l 

J hi /.;•••) r 
Jh Jh 

is a regular sequence on B. 

Finally we shall show that f is regular on B/ (f h , fi/f h , f h -i/ fh)B. 
Let a G (f h , fi/fh, • • • , fh-\/fh)B : f . For a sufficiently large n > 1, 
we may assume a = a / f% and 

ao _ q/t /i ai /h-i a/i-i 

J® fn J ^ fn f fn f fn 

Jh Jh Jh Jh Jh Jh 

where a , . . . , % G q n . Therefore 

A m+ Voa = /n/jfah + A«i + • ■ ■ + A-i^-i) 
in A for some m > 0. Take an integer / such that /pa^ ^ 1™- Then 

fr +2 fW G /i fh-i) n q n+m+2 

= (/o +1 ) n q" +m+2 + (/!,..., A-i)q n+m+1 

c^ +1 r +m+2 + (A,...,A_i)q n+m+1 . 

If we put 

A m+2 /o^ = fo + \ + fih + ■ ■ ■ + f h -xb h ^ 
where b G q n+m + 2 and b u ... , G q n+m+1 , then 

A m+2 ^ " /o&o G [(/i, • • • , A-i)q n+m+1 ] :(/o) 

= (/ 1 ,...,A_ 1 )r +m+1 . 

Let 

/r +2 «^ - A&o = m + • • • + u-ich-i 

where c x , . . . , c fc _i G q™ +m+1 . Then 

/o(/r +1 «o-Me(A,---,A-i)q n+m 



Therefore 
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that is, 



fl fh-1 
■ en+m+2 ~- I f ' " " " ' f 
Jh \Jh Jh 



a - fh , n +m+2 G I — > • • • > -T- 1 R 



The proof is completed. □ 

In the rest of this section, we assume that fo is A-regular and 
that fi, ... , fh, is a u.s.d-sequence on A/ f l Q A for all Z > 0. Let 
G = © n >o q n /q n+1 and G = © n >oq n /q™ +1 be associated graded rings 
with respect to q and q, respectively. We shall compute local cohomol- 
ogy modules of G and R with respect to 9t = (fo, . . . , fh)R + R+- 

Theorem 3.4. If p < h + 1 ; then 

[H^(G)}n = forn^l -p. 

Furthermore 

[K +1 (G)} n = forn>-h. 

Proof. We shall prove that 

[ H (f , h t,...,f k t)(G)]n = forn ^ 1 - p (3.4.1) 

if p < k + 1 by induction on k. It is obvious that / is G-regular. 
Therefore Hf fo) (G) = 0. 

Suppose k > 0. Then H^ Q j it f k _ lt ) (G) f k t = for p < k by induction 
hypothesis. By Lemma |2.2|, we obtain isomorphisms 



Therefore (|3.4.1| ) is proved if p < k. We also obtain an exact sequence 
-* H (f Q jit,...j k t)(G) Hj* foJit ^j k _ it) (G) -*H k {hJit ^ Jk _ it) (G) ht 



from Lemma |2]2|. Hence Hh j it ^ (G) is the limit of the direct sys- 
tem {K m } m> o such that 

K m = (/ °"/ (/l ! r V - - ' ( m (fc - 1)) form>0 

and the homomorphism K m —>■ K m i is induced from the multiplication 
of (fo ■ fit ■ ■ ■ fk~it) m ~ m for any m! > m. We shall show that it is the 
zero map except for degree 1 — k if m! is sufficiently larger than m. 

Let a be a homogeneous element of K m of degree n and a its repre- 
sentative. That is, a G q n + m ( fc " 1 ) an d 



fl„ em-=n+m(k—l)+l , (em em \-=n+m(k—2)+l j_-=r 

Jk a t Jo 1 "i" \J 1 , ■ ■ ■ , Jfc-ljq T q 



+m(fc-l)+Z+l 
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for some I > 0. Take an integer m' > m such that f™ ~ m q C q. Then 
jm-m-^n q f Qr an y n > o by ( |3.2.1| ). By replacing a by its image 
in K m t, we may assume that a G q«+"Hfc-i) anc i 

/•Z ,- rm,-=n+m(k~ X)+l i /|m \ n+m(fe— 2)+£ i _n+m(fc— 1)+Z+1 

Jfc" fc io H t Wi > • • • > Jfc— l/H +1 ■ 

We put /j[a = b + C where 6 G fm^n.+m(k-l)+l + ^m^ ^ yrmj q n+m(fc-2)+J 

and c G q n + m ( fc - 1 )+'+ 1 . Then, by using [10|, Theorem 2.6], we obtain 

ce(f^,...JT-iJ l k )^q n+m{k - 1)+l+1 

(— fm-zn+m(k—l)+l+l , I r m rm \ n+m(k— 2)+2+l i rl n+m(k—l)+l 

i= Jo 1 +Wi )•••! Jfc-iJH "+* JfeH 

If we put c = b'+f{a' where 6' G /™q^+™(^i)+'+i + (/™ ) . . . ; /™ i ) q n+m(fc-2)+j+i 
and a' G q n + m ( fc - 1 )+ 1 ; then a — a' is also a representative of a. Therefore 
we may assume that c = 0. 

By using ||10|, Theorem 2.8], we obtain 

ae(f^,...Jr. 1 ):f k nq n+m ^ 

= (j7) n q^- 1 ) + (J™ . . . , j7-i)q n+m(fe ~ 2) 

+ E {n/r 1 } {[(/o m ) + (/i 1^ /)]:/*} 

/c{i,...,fc-i} UeJ J 

t)/-(m-l)>n+m(fc-l) 
C - ^m— n+m(fc— 1) , / r m rm \ n+m(k— 2) i n+m(fc— 1)+1 

i= J o H +Ul )■■■! Jfc-iJH + H 

+ E {ll/r 1 }{[(/o m ) + (/, 1^ /)]:/,} 

zc{i,...,fc-i} UeJ J 

P"-(ra-l)=n+m(fc-l) 

Here |jj denotes the number of elements in J. If n > 1 — then there 
is no subset / of {1, . . . , k — 1} such that (j/ • (m — 1) = n + m(/c — 1). 
If n < 1 — k, then such / is a proper subset. Let j G {1, . . . , k — 1} \ / 
and 

d G [(j7) + (/< I i G /)] :A = [(/o™) + (/i I < G /)]:/,, 

Then 

(/O " " " fk-l) {il/r 1 } d G /o -+l r +(-+l)(fe-l) + (/r +l ; . . . ; / ^+l )q n + (m+l)( fe -2)_ 

In fact, if we put /^d = /™e + (7 where g G (/j | z G J), then e G q. 
Thus the image of a in K m+ \ is zero if n 7^ 1 — fc. 
Put k = h. Then 

= [H( f0>ht _ fht) (G)]n = for n ^ 1 - p 
if p < h + 1. The first assertion is proved. 
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Next we compute H^^ it ^ t JG). It is the limit of the direct sys- 
tem {K' m } m>0 such that 

K = G/(/ m , (ht) m , (f h t) m )G (mh) for m > 

and the homomorphism K' m — > K' m , is induced from the multiplication 
°f ifo ' fit ' ' ' fht) m ~ m for any m' > m. We shall show that it is the 
zero map for degree n > — h if m! is sufficiently larger than m. 

Let a be a homogeneous element of K' m of degree n and a its repre- 
sentative. That is, a G q n+mh . If n > — h, then 

If f \m'—m„ r- „n+m'h ( rm' rm'\ ^n+m' (h— 1) 

\h---Jh) aeq -l/i !•■■ Jk Jl 

for a sufficiently larger m' than m. Thus the image of a in IC^/ is zero 
if n > -h. Therefore [i^ +1 (G)] n = for n > -h. □ 

By this theorem, we can compute local cohomology of R. 

Corollary 3.5. Ifh = l, 2, then 

H^(R) = forp^l,h + 2 

and H^R) = [H^(R)} = H^JA). 
If h > 3, then 

H^(R) = for p = 0,2, 3 

andH^(R) = [H^(R)] = Hl fQ ^ Jh) (A). Furthermore, if4<p< h+1, 
then 

_ ( MP- 1 
[H^(R)] n - 



H (*;..,f h M)i for-l>n>3-p; 
0, otherwise. 



Proof. Passing through the completion, we may assume that A pos- 
sesses a dualizing complex. Since H^G) is finitely graded for p < h+1, 
H^(R) is finitely graded for p < h + 1 |14|, Proposition 3]. Considering 
the following two exact sequences 

—>R~ + —>R~ —*A ^0 and -*R+(1) -*R -*G -»0, 

we obtain the assertion: see the proof of || Theorem 4.1]. □ 

Let S = R/R, that is, S = n >oq n / c l n - The following proposition 
shall play an important role in the next section. 

Proposition 3.6. If p < h, then 

[H* t (S)] n = forn^l- p. 

Moreover, 

[H^(S)] n = forn>l-h. 
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Proof. In the same way as the proof of Theorem |3]3|, we find that 
/i, . . . , fh is a u.s.d-sequence on A. Hence, by using [pi], Theorem 
4.2], 

\ H l ht _ fht) {G)}n = forn^-p 
if p < /i. Furthermore, 

[^(/ lW ,*)( G )]- = forn>-/ i . 
By using Lemma |2.2j , we obtain 

[fl§t(GO]„ = forn^l-p, -p 

if p < h and 

[#* (G)} n = for n > 1 - p 

if p = h, h + 1. 

Since q 2 = qq, there exists an exact sequence 

— >G ->£ ->0. 

Let T be the image of <j). We shall show 

[H^(S)) n = [H^(T)] n = for n > 1 - p 

by induction on h — p. If p > /t + 1, then the assertion is obvious. Let 
p < h + 1. Then following two exact sequences 

HUG) —>H%i(S) ->H%\T) -^(G), 
H%i(G) -^(T) 
and the induction hypothesis imply 

[HUS)] n = [HUT)]n = for n > 1 - p. 
In the same way, we can prove that 

[#£(S)] n = [#§t(T)] n = forn < 1 - p 
if p < /i by induction on p. □ 

Finally we show that R is an ideal transform of R in a sense. 
Proposition 3.7. R + = D° (foj ,., Jh) {R+)- 

Proof. We first show that fo, fi is a regular sequence on R + . Let n > 0. 
Since f is A-regular, it is also q"-regular. Let a G [/oq n ] '■ fi H q". 
Then f l a G q n for a sufficiently large /. Since fia G (/o)> we have 
f l Q a G (/q + ^) : /i ^q n C /^ +1 q", that is, a G / q"- Thus we have shown 
that /i is R + 1 / -R+-regular. 
By this and (|2.1.1|) , we obtain 

^(/o,..,/,)(^ + )^^(/o,..,/ h )(^ + )=^ + - (3-7.1) 
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Since q™ = q" _1 q for n > 2, (/q, /i, . . . , fh)R+ Q R+ for a sufficiently 



large Z. Hence, we obtain the inverse inclusion of ( 3.7.1 ). The proof is 



completed. □ 

4. A BLOWING-UP WITH RESPECT TO A CERTAIN SUBSYSTEM OF 

PARAMETERS 

In this section, we assume that A possesses a dualizing complex. We 
fix an integer s > dim A/ a a{A). Since dimA/a^M) < dimM for 



any finitely generated A-module M [19, Korollar 2.2.4], there exists a 

(4.0.1) 



system of parameters X\, ... , Xd for A such that 

x s+1 , ...,x d e a A (A); 
Xi G a A (A/(x i+ i, ... ,x d )), for i < s. 



This notion is a slight improvement of a p-standard system of parame- 
ters, which was introduced by Cuong ||. He also gave the statement (1) 
of Theorem |4.2|. The author was personally taught it by him. 



Lemma 4.1. Let n\, ... , rii be arbitrary positive integers. Then 

(x-j/ , . . . , , Xk+l, • • • , Xd) '■ Xj 1 IH (Xj 1 , . . . , Xj_^ , Xk, • • • , Xd) 

= (x^ 1 , . . . , Xj_i , Xfc+i, . . . , Xd) 

for any 1 < i < k < al. 

Proof. It is obvious that the left hand side contains the right one. Let 
a be an element of the left hand side and a = b + x&c where b G 
(x n 1 , . . . , Xiij 1 , £ fc+ i , . . . , x d ) . Then 

C G (x^ 1 , . . . , X^_i , , • • • , Xd) : X; L % X\ t 

•^1 j • • • > ^i— 1 ? Xfc+l? • ■ • j XdJ : Xfc 

by Lemma |2^ . Therefore x^c, a G (x™ 1 , . . . , x™!^ 1 , Xfc + i, . . . , Xd). The 
proof is completed. □ 



Let q — (x s _|_i, . . . , Xd). Lemma |2.2| assures us that x s _|_i, ... , x^ is a 



u.s.d-sequence on A. Furthermore, we have the following theorem: 



Theorem 4.2. (1) The sequences x™ 1 , ... , x™% x^Z^, ... , x a d {d) 
a d-sequence on A for any positive integers n\, . . . , n d and for any 
permutation a on s + 1, . . . , d. 

(2) If s > 0, then x™ 1 , . . . , x" s is a d-sequence on A/q n for any 
positive integers n\, . . . , n s and n. 

Proof. (1): Let 1 < i < j ' < d. We have only to prove that 

(rr.ni ^ ni - X \ ■ r^irfP-i — ( ^i — 1 \ . "j 

l-^l ) • • • ) ^i— 1 ) ■ l A l ) • • • ) A i— 1 ) ■ J'j 
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for any positive integers rii, ... , n^. If j > s, then the both sides are 
equal to (a;™ 1 , . . . , x^ 1 ) ■ cla{A). 

Assume that j < s and take an element a of the left hand side. By 
using Lemma |2.4|, we get 



Oi £ \X\ i ■ ■ ■ i X^_i , . . . , X^) ■ Xi Xj 

(TL\ Tli— 1 \ Tlj 

Xi , . . . , Xi_i , Xj+i, • • • j X<jJ • Xj • 

Hence we have 

n j cz ( ni n i-i \ . n% p, / ni i»— l \ 

O t ^X^ , . . . , Xi_i ) . Xj II ^X^ , . . . , Xj_j , Xj-|-i, . . . , XrfJ 

= (x" 1 , . . . , X i _ l ) 

by repeating to use Lemma |4.1| . 

(2): If n — 1, then the assertion is proved in the same way as above. 
Let 1 < i < j < s and n > 1. Then x s+ i, . . . , x^ is a d-sequence 
on A/ (x" 1 , . . . J ). By using Lemma |3T2j we obtain 



[(x?,...,xt- 1 1 ) + <\ n ]:x?x? 

- (~m ™ n <-l V ~rii nj n-lr/ ni ™ T,1-T Bi T nj l 

, . . . , J-j_x ; . j/j J-j tv| IA J/ 1 j • • • > •"i— 1 5 " t, s+lj ■ ■ ■ i • h d) • J 

= (x 1 1 , . . . , Xt_i ) : Xj j + q [(^i 1 ; • • • j 5 ^s+i) ■ ■ ■ > ^d) : ^j 3 ] 
C[(^...,^-) + q«]:a^. 

Here the second equality follows from the case of n — 1. Thus the proof 
is completed. □ 



In the same way as the proof of Theorem |3l| we find that any 
subsequence of x™ 1 , . . . , x n d A is a d-sequence on A and any subsequence 
of x™ 1 , . . . , x™ s is a d-sequence on A/q n for arbitrary positive integers 
rii, ... , rid and n. 

Corollary 4.3. Fix an integer k such that 1 < k < d. Then 

tit a/iJ = nm for p < a — k + 1. 



Proof. We shall prove that 

fl? ,(A) = lim l fc /"" " forp<J-Jfe+l 

m V^k i • • • i ^k+p—l) 

by induction on / > k. If I = k, then H9 X JA) = \a %k- 

Suppose I > k. Then Xk, ■ ■ ■ , x;_i is a regular sequence on A Xl 
because Xfc, . . . , x\ is a d-sequence on A. Hence we obtain isomorphisms 

l '.n n J,D forallp</-A; 
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and an exact sequence 

-* H \xt-,xi)( A ) -^ H lx kt ...^i-i)(. A ) -^^(xt-^i-i)^^ 



by Lemma |2.2| . This exact sequence is the direct limit of the exact 
sequence 

u ^ / m x ^^A^k > • • • 7 X l-l) ^[ A l\ x k 7 ■ ■ ■ > x l-l)\xi 

\ X k 7 ■ ■ ■ 7 H-l) 

Thus the proof is completed. □ 

If s = 0, then Proj A[qt] — *> Spec A is a Macaulayfication of Spec A: 
see Theorem |5.1| for details. In the rest of this section, we shall observe 
Proj A[qt] when s > 0. Assume that s > and fix an integer k such that 
1 < k < s. We shall compute local cohomology modules of R = A[qt] 
with respect to (xk, • • • , x s +i)- Let Wl = mR + R + . 

Theorem 4.4. l!» n JR) = 0: A x k . 

Proof. Since x k , x s+ i, . . . , Xd is a d-sequence on A, :a Xk H q n = 
for n > by [0, Theorem 1.3]. That is, 



H ?x k ,...,x 3+1 )( c \ r 



0: A x k , if n = 0; 
0, otherwise. 



Therefore, Cs+l) (i?) = ©„> ^ fe ,...^ +l) (q n ) = : A x k . □ 

Let C = A[t}/R, that is, C = © n>0 A/q n . 

Lemma 4.5. For A; < / < s + 1 and p < I — k, the natural homomor- 
phism 

a monomorphism except for degree 0. 

Proof. We shall work by induction on /. If / = k, then :^ Xk D q n = 
for n > 0. Therefore 

n>0 

is a monomorphism except for degree 0. Let k <l < s. Then Xk, ... , 
is a regular sequence on A Xl and on C Xl by Theorem [L^. By using 
Lemma |2.2|, we obtain commutative diagrams 



«f af_! for p < I — k 

H (x h ,..., xl )( C ) * Hlx^...,^.^) 
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and 

o — > H\-t,^m) — > h^i^mw — > KL^MW 



* H Ix?,...m)( C ) * ff Lt^w)^ * H lt-,m-i)^i 

whose rows are exact. Therefore the assertion is true for p < I — k and 
we find that a\~ k is the direct limit of 

(xf, xT_ x )A[t\ : Xl ^ [(xg, . . . , xt,) + q w ] ■ x, 

\ x k 5 • • • 5 Xl-lJ^l 1 ! n >0 v X fc ' • • • ' x l-lJ "r H 

Since x/, x s+ \, ... , is a d-sequence on A/(x™, . . . , 

xt,) : n x?_ x ) + q n ] = x^) for n > 0. 

Therefore a^ m is a monomorphism except for degree and a\~ k is also. 

If I = s + 1, then Xfc, . . . , x s is a regular sequence on A Xs+l and 
Ca: s+ i = 0. The assertion is proved in the same way as above. □ 

Of course, o? s +\ is the zero map in degree 0. Therefore there exists 
an exact sequence 

-Cokera- 1 s+l) (R) -^ fel ..., 2s+l) (^) -0 

(4.5.1) 

for < p < s — k + 1. 

Theorem 4.6. Let < q < s — k. Then 

(x k+g , ...,x d ) Coker a q s+1 = 

and if^(Coker ct q s+l ) is finitely graded for p < d — s. 

Proof. We know that Coker a q s+1 = Coker a q k+q = lim Coker QLk+q,m 
and 

n i /TN K^feS • • • ) X /c+<j-l) + Qj : X k+q 

Coker a k+am = f-R — - — r . 

n>0 \ x k ) • • • ) A fc+<j-]J • "t-fc+q "I" H 

By using Theorem and Lemma \5.2[ we obtain 



[(x™, . . . , zJJYq-i) + q n ] : Xfc+g 

= ■ ■ ■ i ^fc+q-l) ' X fc+(} + q n 1 [(^A™5 • • • 5 ^s+l; • • • ) ^d) : Xk+q)- 

(4.6.1) 

Therefore Coker ak+q t m is annihilated by (£&+<?> . . . , Xd) and Coker 
is also. 

Next we compute local cohomology modules of Coker a q s+l . We note 
that gular element on A/(x™, . . . ,x^ fg _ 1 ) \Xk+ q and that 
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x s+1 , . . . , x d is a u.s.d-sequence on A/(x%, . . . , a^ ? _i) : x k+q + (x l k+g ) 
for any I > 0: see [|Tj| Proposition 2.2]. Therefore, by Proposition 

^fx fc+fl ,x s+1 ,...,x d )/?+R + ( Cokera fc+9,™) is concentrated in degree 1 -p 

(4.6.2) 

if p < d - s. Hence i^ Xfc+4)a , +1> ... >Xd)fl+ilf (Coker a* +1 ) is also. By the 
spectral sequence E p 2 q = H^H q {xk+qXB+u Xd)R+R+ {-) => H$ q {-), we 
obtain the second assertion. □ 

Next we compute H?~ k+2 „ JR). 

\ x k vi x s + l ) v ' 

Theorem 4.7. Let A m = A/ (x™, . . . , x™) and q m = qA m for any pos- 
itive integer m. Then 

1 ..(IV = limA m [q m t]/x l s+1 A m [q m t]. 

m,l 

In particular, HgxH?~* +2 x +1 \{R) is finitely graded for p < d — s. 
Proof. We consider the exact sequence 

^H^ s) (AW^H^ s) (C). 

Since (3 is the direct limit of 

A[t}/(xT,...,xT)A[t}-,C/(xT,...,xT)C, 

we have Ker/5 = lim A m [q m t]. Taking local cohomology modules of a 
short exact sequence 

■or /-v S ~ k >. T- 



->Cokerar fc ^Hr k+ \ AR) ^Ker/3 ->0 



with respect to (x s+ x), we obtain 

(/«) = H^Ksrfl, (4.7.1) 

because Cokera| _fe = Coker a^+i is annihilated by x s+ \. The left hand 
side of (gT]D coincides with H s { ~^ Xa+i) {R) by Lemma [2T2j Thus the 
first assertion is proved. 

Since x s+ i, ... , x d is a u.s.d-sequence on ^^...^^^(AmtWD 
is concentrated in degree > n > s— d+2 if p < d—s: see [|10 , Theorem 
4.1]. From the exact sequence 

— »0 : a; s+ i — >A m [q m t] A m [q m t] ->A m [q m t]/a;!, +1 v4 m [q m t] — >0 

Am 
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and the spectral sequence Ef = H p m H q {Xs+ ^ Xd)R+R+ (-) H^ q (-), 
we find that 

i^^j(A m [q m t]/ ' x l s+1 A m [q m t]) is concentrated in degree > n > s — d + 2 

if p < d—s. Taking the direct limit of it, we obtain the second assertion. 

□ 

Finally we compute local cohomology modules of B = A[q/x s+ i] = 

Theorem 4.8. Let n be a maximal ideal of B. Then 

H P n H g {xk _ Xa+l) (B) = ifq = Oorp<d-s-l. 

Furthermore (x k+q -i, . . . , x s+ i)H q Xk ^ ^ Xa+1 )(B) = for q < s - k + 2. 

Proof. Since the blowing-up Proj R — > Spec A is a closed map, there 
exists a homogeneous prime ideal p of R such that x s+ \t ^ p, dim R/p = 
1 and n = [pR Xs+lt ]o- 

Since x s+ i is 5-regular, H^ Xh t _ jXs+1 ^ (B) = 0. 

Let 1 < q < s — k + 1. By applying Lemma [2.5| to (|4.6.2j ), we obtain 
H*((C6ker ak+ q -i,m)(x a+ it)) = for p < d- s - 1. 
By taking the direct limit of it and using ( [4.5.1 ), we have 
mat T = for p< d - s - 1. 



Moreover Theorem |4.6| also assures us . . . , x s+ i)H q Xk Xs+1 \(B) - 

0. 

Next we consider Hf~ 2 X ^(B). By applying Lemma [2.5| to ( 4.7.2 ) 
and by taking direct limit, we have 

H P n H s (x - k k :.l +l) (B) = for p < d - s - 1. 

Thus the proof is completed. □ 

5. Macaulayfications of local rings 

In this section, we shall construct a Macaulayfication of the affine 
scheme Spec A if its non-Cohen-Macaulay locus is of dimension 2. As- 
sume that A possesses a dualizing complex and dimA/p = d for any 
associated prime ideal p of A. Then V(oa(A)) coincides with the non- 
Cohen-Macaulay locus of A. We fix an integer s > dimA/cu(^4) and 
let xi, ... , Xd be a system of parameters for A satisfying ([4.0.1] ). 

First we refine Faltings' results 0, Satz 2, 3]. Let q = (aVt-i, • • • i x d), 
R = A[qt] and X = Proj R. 
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Theorem 5.1. With notation as above, 

depth Ox, P > d — s for any closed point p of X . 
If s = or A/q is Cohen-Macaulay, then X is Cohen- Macaulay. 

Proof. Since x s +i, ■ ■ ■ , %d is a u.s.d-sequence on A, H? Xd )R+R + (R) 
is finitely graded for p < d — s: see []T0 , Theorem 4.1]. By using 
Lemma |2.5| , we obtain the first assertion. 

Furthermore since dim Ox , P = d for any closed point p of X, X is 
Cohen-Macaulay if s = 0. 

Assume that s > and A/q is Cohen-Macaulay. Then sci, . . . , x 
is a regular sequence on A/q. We use theorems in Section f| as k — 1. 
From (4.6.1), we find that Cokera;f +1 = for all q < s — 1. That is, 
H^H^ Xs+1 \(R) is finitely graded if p < <i — s or g < s + 1. By the 
spectral sequence = H^HT Xs J— ) ^> H^ g (—), we find that 
Hgj^R) is finitely graded for p < d + 1. Lemma |2]^ assures us 



s 



depth Ox )P > d for any closed point p of X. 
The proof is completed. □ 
From now on, we assume that s > 0. 

Since x s is A-regular, q is a reduction of q = q : x s by ( |3.2.1|) . We 
put R = A\c\t] and X = Proj R. Then X — > X is a finite morphism. 

Theorem 5.2. VFrf/i notation as above, 

depth C^- > c? — s + 1 /or any closed point p of X 

In particular, if s = 1, then X is Cohen-Macaulay. 

Proof. By Corollary [TS], Xd )R+R + (R) 1S finitely graded for p < 

d — s + 1. By using Lemma |2.5| , we obtain the assertion. □ 

Next we consider an ideal b = q 2 + x s q = (x s , . . . ,Xd)q. We put 
S = A[bt] and Y = Proj S. Then Y is the blowing-up of X with 
center (x s , . . .,x d )0 X - 

Theorem 5.3. With notation as above, 

depth Oy, q > d — s + 1 for any closed point q of Y. 

Furthermore, if s = 1 or A is Cohen-Macaulay, then Y is Cohen- 
Macaulay. 

Proof. Since (x s x s+ x, . . . , x s Xd, x 2 s+l , . . . , x 2 d )b d ~ s ~ l = b d ~ s , we have only 
to compute the depth of C = A[b/x s x s+ i] and C\ = A[b/x 2 +1 \. If we 
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put B = A[q/x s+ i], then 

C = B[x s+1 /x s ] = B[T]/(x s T - x s+ i) :{x s ), 
Ci = B[x s /x s+ i] = B[T]/ (x s+1 T - x s ) :(x s+1 ), 

where T denotes an indeterminate. We note that B, Co, C\ are sub- 
rings of the total quotient ring of A because x±, . . . , Xd are A-regular 
elements. 

First we consider Co- We regard it as a homomorphic image of B[T]. 
Let lo be a maximal ideal of Co and n = Iq PI B. Then n is a maximal 
ideal of B because Spec Co U Spec C\ — > Spec B is a blowing-up with 
center (x s , x s+ i)B, hence a closed map. There exists a polynomial / 
over B such that l = nC + fC and the leading coefficient of / is not 
contained in n. 

By Lemma |2.2| and Theorem [4.8| , we have, for any 1 < k < s, 

KB [ T ]+ fB [ T ] H^... M )( B l T ]) = if P < d ~ S OT 9 = - 

(5.3.1) 

In fact, the leading coefficient of / is a reg ular element on H^ S H^ ^ Xa+l) (B[T]) 
because it acts on the injective envelope of B/n as isomorphism. Taking 
the local cohomology of a short exact sequence 

_>b[t] 5[T] -^B[T]/(x s T - x s+1 ) -.0 

with respect to (xjt, . . . , = (x^, . . . , x s , x s T — x s +i), we obtain an 
exact sequence 

^H^l +i) (B[T]) ^H^ M) (B[T]/(x l ,T-x^ 1 )) - 

^H^ Xa+l) (B[T}) ^Hl^ Xs+i) {B[T\) -.0, 



because (x s ,x s+1 )H s ( -^ Xs+i) (B) = by Theorem pL8j This and (fXT 
show that 

^B[T] + /B[T]^ttk +1 )( S [ T ]/^ T - = fOT ^ < d ~ S - 

Taking the local cohomology of an exact sequence 

_ (^_^£±lliM ^ B [T]/(x s T - x s+1 ) ->C -0 

[Xgl — X s+ i) 

with respect to (x^, . . . , x s+ i), we obtain 

^XU)^) = H^ s+l) (B[T]/(x s T - x s+1 )), 

that is, 

K H (^.l +1 ) (Co) = for V < d - s. (5.3.2) 
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We note that x s is Co-regular. Put k = s. Then we have 
HlH« Xs>Xs+i) (C ) = if p < d-s or q<l. 

By the spectral sequence = H^H^ Xs ^ J— ) H^~ q (—), we obtain 
#£(C ) = forp<d-s + l, (5.3.3) 

that is, depth (Co) ^ > d — s + 1. 

In the same way, we can show that depth(Ci)[ 1 > d — s + 1 for any 
maximal ideal li of C\. Thus the first assertion is proved. In particular, 
Y is Cohen-Macaulay if s — 1. 

Assume that A is Cohen-Macaulay. Using || Lemma 1] twice, we 
find that 

x s+lT s +2 ~ x s+2, ■ ■ ■ i x s+lTd ~ %di x sT s +l ~ ^s+l 

is a regular sequence on A[T s+ i, . . . , TJ. Therefore 

Co = A[T s+ i, . . . , Td}/ (x s+ \T s+ 2 — x s+ 2, . . • , x s+ \Td — Xd, x s T s+ \ — x s+ \) 

is Cohen-Macaulay. In the same way, we can show that C\ is Cohen- 
Macaulay. The proof is completed. □ 

In the rest of this section, we assume that s > 2 and let b = b 

Lemma 5.4. For any positive integer n, 

V = b n :(x s _i) = qb n_1 [(x s , . . . , x d ) : x a - X ] + x^q n_1 [q : 

In particular, b 2 = bb. 

Proof. It is sufficient to prove 

b n :(ar a _i> C qb™" 1 ^, . . . ,x d ) : x.-i] + a^q™" 1 ^ : x,- X ]. 



Take a G b n :(a; s _i). Then, by Lemma [2.4|, Lemma |3.2| and Theo 



rem [4.2| , we have 

a G . . . ,x d ) 2n :(x s _i) 

(x s , • • • , 2J(i) [(*^s> ■ ■ ■ j -^d) • S's— l] 

= [q 2 ™- 1 + x s q 2n ~ 2 + ■■■ + (x 2 r 1 )} [(x s , ...,x d ):x 
Cqb n - 1 [(x s ,...,x d ):x s . 1 } + (x n s ). 

If we put a = b + x n s a! where b G qb n ~ 1 [(x s , . . . , Xd) '■ x s -i], then x n s o! G 
b n :(x s -i). Since x^irja' G b n for a sufficiently large /, we can put 
x^x^a' = c + where c G q 2n + • • • + x™ _1 q n+1 and d G q™. Then 
x l s _ x a! -de q n+1 :(x s ) = q n [q:x s ]. Hence, x l s _ x a' G q n and a' G 
q n :(x s _i) = q n_1 [q : The proof is completed. □ 
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Therefore the Rees algebra S = A[bt] is finitely generated over S. 
LetF=ProjS. 

Proposition 5.5. D° (x ^ uX ^ Xs+i) (S + ) = S + . 

Proof. First show that x s -i, x s is an S^-regular sequence. Let n > 0. 
It is clear that x s _i is b -regular because it is A-regular. Let a G 
(x s _ib :x s ) fl b . Then x l s _ x a G b n for a sufficiently large I. Since 
x s a G (xg-i) and x s , . . . , xj, is a d-sequence on A/x l ^\A, 

x l s _ x ae {x l s t\) :x s nb n 

— ( x J^i) ■ x s n . . . , Xd) 

= « + -\). 

Hence a G (x s -i). If we put a = x s -\a' , then a' G b n : x^} x C b , that 
is, a G x s+ ib . Thus we have proved that x s is 5 , + /x s _i5 + -regular. 
By ( |2.1.1|) , we have 

D0 (Xs-l,X a ,X s + 1 )(S+) ^ - D ( , X S _ 1 ,X S ,X S + 1 )(5'+) = S +- 

(5.5.1) 



Since q : x s _i C q : a; s by Theorem P~2"| (av_i, . . . , Xrf)b C b n for all n > 
by Lemma that is, (x s _i, . . . ,Xd)S + C We have shown the 
inverse inclusion of ( |5.5.1| ). □ 

The following theorem is one of main aims of this section. 

Theorem 5.6. With notation as above, 

depth Oy t g > d — s + 2 /or any closed point q of Y. 

In particular, if s = 2, then Y is Cohen- Macaulay. 

Proof. We have only to compute the depth of 

C = A[b/x s x s+ i] and d = A[b/x 2 s+1 ]. 

Proposition |5l)] says that = D9 X XasX ^(Cj) and it is a finitely 
generated Cj-module for i = 0, 1. 

Let [j be a maximal ideal of Cj and U = U flCj. Then [j is a maximal 
ideal of Cf because is integral over Cj. We use ( |5.3.2j ) as = s — 1, 
that is, 

HlHf Xs ^ XsjXs+i) (C t ) = ior p<d-s. (5.6.1) 
By using ( |2.1.2j ), we obtain 

H P k Hk- im) (Ci) = if P <rf- S org<2. 
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By the spectral sequence E\ q = #£# (Xs _ ljXsia;s+l) (-) H p +\-), we 
find 

Hf.(Ci) = for p<d-s + 2, (5.6.2) 

that is, depth(Cj)t > d — s + 2. Thus the proof is completed. □ 

The following corollary shall be used in the next section. 

Corollary 5.7. If A/(x s , . . . ,Xd) is Cohen- Macaulay, then 

depth Oy q > d — s + 2 for any closed point qofY. 

Proof. It is sufficient to prove b = b. Let a G b and I be an integer 
such that x l s _ x a G b. Then we have 

a G (x s , . . . , X(i) : £ s _i 

= (x s , . . . , Xrf) [(x s , . . . , Xd) ■ x s _ 1 ] 

= (x s , . . . ,x d ) 2 = b + (x 2 ) 

by Lemma |3.2| . Hence, we may assume that a G {x 2 ). Let a = x^a'. 
Since x^^a G b C q, a' G q : x^x 2 = q : x s by Theorem |4~2"| . Hence 
a = x 2 s a' G x s q C b. □ 

We shall give another Macaulayfication of Spec A by considering an 
ideal c = (x s _i, . . . ,Xd)b. Let Z = Proj A[ct], which is the blowing-up 
of Y with center (x s -i, . . . , XdjOy- 

Theorem 5.8. With notation as above, 

depth Oz, r > d — s + 2 for any closed point r of Z. 

Furthermore, if s = 2 or A is Cohen- Macaulay, then Z is Cohen- 
Macaulay. 

Proof. Since x 2 )q + x s _i(x 2 +1 , ...,x 2 d ) + (x 3 s+1 , . . . , x d ) is a re- 

duction of c, we have only to compute the depth of 

D = A[c/xg_iX s x s+ i] = C [x s /x a -i], 

Di = A[c/x 2 s x s+1 ] = C [x a -i/x s ], 

D 2 = Alc/xs^xl+j] = Cx[xg + i/xg_i], 

and 

D 3 = A[c/x 3 s+1 ] = Ci[xg_i/x s+ i]. 

For % = or 1, let U be a maximal ideal of Cj. By ( |2.1.1| ), there exists 
an exact sequence 

— >C { -*Ci — >^( Xs _ liX4)Xa+1 )(C i ) — >0. 
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By using (|5.3.3| ) and (|5.6.2| ), we obtain 

HfH^^ia) = for all p < d - s. 

Furthermore, . . . ,Xd)Ci C d: see the proof of Proposition |5T5\ 

Therefore, by ( |5.6.1|) , we have 

HlHU^^iCi) = h><rf- S org = 

(5.8.1) 

and 

(•'•> i <>• (5-8.2) 

Therefore we can prove 

depth(A)tj > d - s + 2 
for any maximal ideal tj of Z)j and i — 0, . . . , 3 in the same way as 



Theorem 5.3 



To make sure, we compute the depth of D = C [T]/(x s -iT — 
x s ):(x s _i). First we note that x s+ i G a; s C and x s+ i G x s -D . Let 
t be a maximal ideal of D and [ = r fl C . Then [ is a max- 
imal ideal of Cq and there exists a polynomial / over Cq such that 
to = loD + /D and the leading coefficient of / is not contained in [ - 
We obtain 

^cbtn+zcbtn^-i*)^^) = if p < d ~ s + 1 or q = 

from ( |5.8.1| ). Taking the local cohomology of an exact sequence 

_C [T] Xs - lT - Xa ; C [T] —>C [T]/(x s ~iT - x s ) -.0, 
we have an exact sequence 
^Hl s _ uXs) (C [T}) ^Hl Xs _ 1;Xs) (C Q [T]/(x s ^T-x s )) - 

-^Hl_ uXs) (C [T)) -^Hl s _ uXs) (C [T)) -.0 
because of ( p.8.2| ). This says that 

^bCom+zCom^-i^CCot^]/ - x s )) = for p < d - s + 1. 
Taking the local cohomology of an exact sequence 

- ( '\' 7 ' 7 rJ:( '; l} -CofTl/^^T - x.) -0 
(x s _iT-a; s ) 

with respect to (x s -i,x s ), we obtain 

HlH\ Xs _ uXs) {D Q ) = farp<d- a + l. 
Of course, ^? a . s _ 1 Xs )(-^ ) o) = 0. By the spectral sequence 
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we get HP Q (D ) = for any p < d - s + 2. That is, depth(D )r > 
d-s + 2. 



The last assertion is also proved in the same way as Theorem 5.3. □ 



6. The proof of Theorem 1.1 



This section is devoted to the proof of Theorem |1.1| . Let A be a Noe- 
therian ring possessing a dualizing complex and X a quasi-projective 
scheme over A. That is, X is a dense open subscheme of X* = Proj R 
where R = 0„> o R n is a Noetherian graded ring such that R$ is a 
homomorphic image of A and R is generated by Ri as an i? _a lg e bra. 
Let V* be the non-Cohen-Macaulay locus of X* and U* = X* \ V*. Of 
course V — V* D X is the non-Cohen-Macaulay locus of X. Let £?* be 
a dualizing complex of R with codimension function v. Assume that 



X satisfies the assumption of Theorem |Ll . 

Without loss of generality, we may assume that 

v(p) = for all associated prime ideal p of R: 

(6.0.1) 

see [§, p. 191]. Then the local ring Ox, P of p € X satisfies the assump- 
tion of Section |5], that is, dimOx, P /p = dimOx, p for any associated 
prime ideal p of Ox, p - For the sake of completeness, we sketch out the 
proof. Let a be a homogeneous ideal of R such that V* = V(a). Then 
the closed immersion Proj R/H®(R) — > X* is birational as follows. For 
any minimal prime ideal p of R, a (jL p and H°(R) C p because R p is 
Cohen-Macaulay. Hence the underlying set of Proj R/H®(R) coincides 
with the one of X*. Furthermore, — > U* is an isomorphism 
and U* is dense in X*. By replacing R by R/H®(R), we may assume 
that 

every associated prime ideal of R is minimal. 

(6.0.2) 

Next we fix a primary decomposition of (0) in R. For all integer i, let q, 
be the intersection of all primary component q of (0) such that v(y/q) = 
i. Then g : JJj Proj Rj q^ — > X* is a finite morphism and g~ l (U*) — > C7* 
is an isomorphism as follows. Note that q^ = i? for all but finitely 
many i. Furthermore, for any p G U*, p D q { if and only if v(p) — 
dimi? p = i because R p is Cohen-Macaulay, hence equidimensional. 
Therefore U* is the disjoint union of U* fl V{<\i). Moreover R^ = 
{R/c\i}( P ) if p G f/*nl / (q i ). Because of ( gTUg ), ^ _1 (t/*) and C/* are dense 
in Proji?/qi and X*, respectively. Thus g~ 1 (X) — > X is birational 
proper and the connected components of <? -1 (X) satisfy the assumption 
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Since u is locally constant, Vi = H V is closed for any positive 

integer i. We put = dimV^. By ( |6.0.1| ), we find that V\ — 0, s 2 < 
and S3 < 1. Let <i be the largest integer such that V d 7^ and s = s<j. 
We shall give a closed subscheme W of 1 such that V d = V C\W 
and Oy, q is Cohen-Macaulay for all q G 7r _1 (W / ) where it: Y — > X 
is the blowing-up of X with center Let = Ili>o ann H l (D'), 
which is finite product. Then it is obvious that V* = V(a). Fix a 
primary decomposition of a and let a d be the intersection of all primary 
component q of a such that yfq G Vd. Then we can take homogeneous 
elements zi, . . . , Z d G R such that 

V i nV{{z d _ Si ,...,z d )) = for*<d (6.0.3) 

d(p) = d for all minimal prime ideal p of Rj (zi, . . . ,z d ) '(R+) 

(6.0.4) 

Zs+l) . . . ,Zd €: &d] 

Zi £l\j>d~i&nnH j (}Iom(R/(zi +1 ,...,z d ),D')), fori < & >0 .5) 

in the same way as Section f|. We put 

z d ), if s = 0; 

^)(^ 2 , • • • ,z d ), if s = 1; 

z d )(z 2 ,...,z d )(z 3 ,...,z d ), if s = 2 

and prove that W = V(b) fl X satisfies the required properties. 

Because of (6.0.3), V n W = for i < d. Let vr: K -»• X be the 
blowing-up of X with center W, q a closed point of ix^iW) and p C R 
the image of q. Take an element y G i?i \ p and put X{ = Zi/y degZi for 
all i. Since (-D*)(p) is a dualizing complex of -R(p), we obtain 

x s+1 , ...,x d e a R(p) (R( P )); 
Xi G a Rw (R( P )/(x i+1 , ...,x d )), for % < s. 

from (6.0.5). 

When s = 2, there exist three cases: If zi, z 2 G p, then xi, . . . , x d is a 
system of parameters for i?( p ) satisfying ( [4 .0.1 ) or a regular sequence on 
the Cohen-Macaulay ring R(p). Since b( p ) = (xi, . . . , x d )(x 2 , ■ ■ ■ , Xd)(x 3 , . 




CV,<? is Cohen-Macaulay by Theorem |5\8 . 

If z 2 G p but Zx ^ p, then x 2 , . . . , x d is a subsystem of param- 
eters for i?( P ) satisfying ( [4.0. 1| ) or a regular sequence on the Cohen- 



Macaulay ring R(p). Furthermore b( p ) = (x 2 , ■ ■ ■ , x d )(x 2 , ■ ■ ■ , x d ) and 
R(p)/(x 2 , . . . , x d ) is Cohen-Macaulay because X\ G Or (p) (R( p )/(x 2 , . . . , a^)) 
is a unit. Hence Oy A is Cohen-Macaulay by Corollary |5T7| . 
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If Zi, z 2 p, then x 3 , ... , Xd G G.R, p AR{p)) is a subsystem of 
parameters for and R<p\/{x 3 , . . . ,Xd) is Cohen-Macaulay. Since 
b(p) = (^3, • • • , Xd), Oy, q is Cohen-Macaulay by Theorem |5TT| . 

When s = or 1, we can prove the assertion in the same way as 
above. 

By repeating this procedure, we obtain a Macaulayfication of X. We 
complete the proof of Theorem ffTTL 
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